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Abstract. The prevalence of cigarette smoking in the United States
has declined very slowly over the last four decades, despite much effort
by multiple governmental and non-governmental institutions. Peer influ-
ence has been shown to be the largest contributing factor to the spread
of smoking behavior, which suggests the use of epidemic models for un-
derstanding this phenomenon. Here we develop a structured resistance
model, which is an SIS model extended to include multiple S and I
states corresponding to different levels of addiction. This model exhibits
a backward bifurcation, which means that once the behavior is endemic,
it can be very difficult to remove entirely from the population. We do
numerical experiments with the Framingham Heart Study social network
to show that the resulting epicurve closely matches empirical data on the
overall decline in smoking behavior.

1 Introduction

Nicotine, in the form of cigarette smoking or chewing tobacco, is one of the most
heavily used addictive drugs, and the leading preventable cause of disease, dis-
ability, and death in the U.S. [15]. It imposes a significant health-care burden
on the population. The economic costs of smoking in the United States are esti-
mated at $193 billion annually ($97 billion in productivity losses from premature
death and $96 billion in health-care expenditures).

Like any other addictive drug, cigarette smoking behavior becomes compul-
sive and difficult to cease even after knowing the substantial health benefits of
quitting [13]. Recent studies show that 35 million smokers express a desire for
quitting smoking each year, but more than 85 percent of those who try to quit
on their own relapse within a week [16]. Nevertheless, despite sustained and
significant efforts by governmental and non-governmental institutions, smoking
prevalence among youth and adult smokers has only declined slowly from 45%
to 21% in the past 45 years [14, 6, 7] (see figure 1).

It has been repeatedly shown that smoking behavior is contagious, i.e., that
peer influence (including family members) is the strongest factor in both initi-
ation and cessation of smoking [11, 4, 8, 9]. From an epidemiological viewpoint,
the SIS model seems appropriate for modeling the contagion of smoking be-
havior, since smokers who quit can relapse. Here, the S state (which stands for
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“Susceptible”) corresponds to non-smokers and the I state (“Infected”) stands
for smokers. However, the slow decline of smoking prevalence is puzzling from
this perspective, as we shall discuss in the next section.

Our main contribution in this work is to introduce an extension to the SIS
model, which we call the structured resistance model, to account for the addictive
nature of smoking behavior. In this model we have multiple S and I states
corresponding to increasing levels of addiction. We present this model in section
3 and we present simulations with this model on the Framingham Heart Study
social network [5] in section 4. We end with a discussion of the model and possible
directions for future work.

Fig. 1: Smoking prevalence has declined slowly over the course of four decades.
Source: CDC (http://www.cdc.gov/mmwr/pdf/other/su6001.pdf, p. 109).

2 Modeling the Smoking Epidemic

For the standard SIS model of epidemics, it is well known that there is an
epidemic threshold, βc, such that if the probability of infection is below βc, the
only steady state is the disease free state, while for values of the probability of
infection above βc, the only steady state corresponds to a finite fraction of the
population being in the I state [2]. Figure 2 illustrates this scenario numerically.
It can also be calculated analytically for some classes of networks.

If we assume that the effect of anti-smoking efforts is to reduce the infec-
tiousness of smoking, then we would expect the prevalence of smoking to reduce
fairly sharply, and to disappear once the infectiousness becomes low enough.
This expectation stands in contrast to the reality depicted in figure 1, which
shows that after much effort, the prevalence of smoking has declined steadily,
but very slowly over more than four decades.

This puzzling contrast suggests that the SIS model is not quite right for
understanding the contagion of smoking behavior. We argue that it misses the
defining feature of smoking behavior, which is that smoking is addictive. There-
fore we need a new model.
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Fig. 2: Bifurcation diagram for the SIS model.

3 The Structured Resistance Model

To model the dynamics of addictive behavior, we adapt a model developed by
Reluga et al. [17]. Their study investigates the dynamics of disease immunity.
We invert its semantics to model resistance to addictive behavior. This struc-
tured resistance model is shown in figure 3a. The multiple S states correspond
to increasing levels of susceptibility to the behavior, and the multiple I states
correspond to increasing levels of addiction. Initially, an individual starts out in
state S1, and moves to state I1 upon adopting the behavior. The probability of
this transition is given by βσ1, where β is a multiplier on all S → I transitions
and will be taken to correspond to R0. The rate at which individuals quit, i.e.,
transition from an I state to an S state, is given by the corresponding γi parame-
ter. Crucially, since the behavior is addictive, transitions from Ii only go to Sj>i.
This means that when an individual quits, his susceptibility level is at least as
high (and possibly higher) than it was before, but never lower. The probability
of making the transition Ii → Sj>i is given by fij . The only way to recover to
a lower level of susceptibility is via the Sj → Sj−1 transitions, the probability
of which is given by gj . This is meant to model the fact that if an individual
stays free of the addictive behavior for a long time, his level of susceptibility can
decrease.

For a fully mixed population, the state update equations can be written as
follows [17].

dSj

dt
= gj+1Sj+1 − gjSj − βσjITotalSj +

j∑
i=1

γiIifij , (1)

dIj
dt

= βσjITotalSj − γjIj , (2)

ITotal =

n∑
j=1

Ij , (3)

for j = 1, ..., n. We assume that g1 = gn+1 = 0, since these transitions correspond
to states that do not exist in the model.
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Fig. 3: The structured resistance model is shown on the left. Some parameters
are not marked for clarity, but these correspond to the ones that are shown. See
text for details. A schematic of a backward bifurcation is shown on the right.
The solid lines indicate stable steady states and the dashed line indicates an
unstable steady state.

Note that an individual makes an S → I transition only if one or more of his
neighbors are in an I state. However, an individual makes the Sj → Ij transition
with probability βσj , no matter which I state its neighbor is in. In other words,
the contagion spreads from individuals in I states to individuals in S states, but
does not depend on the details of which I states the spreaders are in. This is
why we have an ITotal term in the equations instead of terms for each of the I
states.

From these equations, it can be shown that when the quantity,

Q = −σ1 −
n∑

j=2

βσ1
gj

(
σ1
γ1
− σj
γj

)(
1−

j−1∑
k=1

f1k

)
(4)

is positive and increasing in β, then the epidemic bifurcation is a backward bifur-
cation. This means that the bifurcation looks like in figure 3b (the “threshold to
start epidemic”). There are actually multiple bifurcations and multiple steady
states in this scenario. The solid lines in figure 3b indicate the stable steady
states and the dashed portion indicates an unstable steady state.

The bifurcation diagram can be effectively divided into three regions. From
R0 = 0 to the “threshold to end epidemic”, there is only one stable steady state,
which corresponds to the entire population being in the susceptible state. In this
range, the contagion does not take off, no matter what the initial state may be.
Similarly, from the “threshold to start epidemic”, for higher values of R0, there
is only one stable steady state, which corresponds to the contagion becoming
endemic, i.e. if even only very few individuals are initially in an I state, a finite
fraction will be in the I states in the long run. In between these two regions,
we have a region where there are two stable steady states and one unstable
steady state. In this region, if the initial state starts above the dashed curve,
the population will move to the upper steady state, while if it starts below the
dashed curve, the population will move to the lower steady state.
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Practically, this means that for a new addictive behavior to become endemic
in the population, its “infectiousness” must be higher than the threshold to
start the epidemic (which is higher), but once it becomes endemic, for efforts
to counter it to be successful, they must succeed in reducing the infectiousness
of the behavior to below the threshold to end the epidemic (which is lower).
Intuitively, this means that significantly more effort might be required to end
the epidemic than expected.

The equations above describe the behavior of the model in a fully-mixed
population, or equivalently on a fully-connected network. In the next section,
we do simulations to investigate the model on a more realistic network. Since
we are interested in understanding the decline in smoking prevalence over a
period of decades, we use a dynamic network that has been constructed from the
Framingham Heart Study [5], which is a longitudinal study spanning precisely
that period.

4 Simulations

Since the increasing levels in the structured resistance model represent increasing
levels of susceptibility and addiction, we choose the probability of Si → Ii to
be increasing with i, and the recovery rates γi to be decreasing with i. The fij
values, which control the Ii → Sj transitions, are chosen to be zero when j < i,
as mentioned earlier. The entire set of parameters is shown in table 1. It turns

Table 1: Parameters for simulations with the structured resistance model.

Level, i Infection probability, σi Recovery rate, γi fi1, fi2, fi3 Resistance waxing rate, gi
1 0.05 0.7 0.4, 0.4, 0.2 0.0
2 0.5 0.5 0.0, 0.7, 0.3 0.2
3 0.7 0.3 0.0, 0.0, 1.0 0.1

out that any set of parameters chosen according to these conditions will result
in the model exhibiting a backward bifurcation. We can verify this is the case
by substituting these parameter values into equation 4.

We conduct simulations using the Framingham Heart Study (FHS) social
network. The FHS is a longitudinal study that gathered data on many health
characteristics and health behaviors. The social network is a time-varying net-
work spanning the years 1971-2008 (i.e., starting with the “offspring cohort” of
the FHS). The offspring cohort were recruited into the study at an early age
(the lowest age in the data is 5 years), thus giving us a network with children
and adolescents as well as adults. Edges in the network correspond to various
social and familial relationships. For the present work, we assume each edge to
be an undirected edge along which the contagion can spread in either direction.
For each edge present in the network, the data provides a start month and an
end month. Thus edges are present at different times and for different durations.
The degree distribution for the union graph (which assumes all the edges are
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present for all time) is shown in figure 4. The Framingham Heart Study data
has been used in other instances of the study of the spread of smoking [4].

Fig. 4: The degree distribution of the Framingham Heart Study union graph. It
is not scale-free.

The bifurcation diagram for the structured resistance model on the Framing-
ham Heart Study social network is shown in figure 5a, using the parameters in
table 1. The diagram is obtained by doing simulations with two different initial
conditions. In the first condition, the number of initial infections is very small,
and in the other, the number of initial infections is large. In the region where
there are two stable steady states, the first initial condition converges to the
lower steady state and the second to the upper one. The lower threshold, shown
in blue, corresponds to the upper steady state, while the upper threshold, shown
in red, corresponds to the lower stationary state (the backward bifurcation). We
see that there is a large gap between the two thresholds, which suggests that
once the behavior is endemic, a large amount of effort is required (β has to
be brought down a lot) to entirely eliminate the behavior from the population.
Note that the unstable equilibrium is not shown because it is hard to determine
numerically.

Figure 5b shows a sample epicurve obtained as follows. We initialize the
population by randomly setting 5% of the nodes to be in state I1 while the
rest are in state S1. The value of β is chosen to be 1.3, which is well above the
upper threshold. We run the model until it reaches a stationary state, which
corresponds to about 42% of nodes in I states. Then β is decreased slowly to
simulate increasing awareness of the dangers of smoking and increased resistance
to initiation. This causes the proportion of nodes in I states to decrease along
the blue curve in the bifurcation diagram, which results in a slow decline in
smoking prevalence. The epicurve is plotted from this point on in figure 5b. This
qualitatively matches the empirical data reported by the CDC (figure 1).

5 Conclusion
We have presented an extended SIS model, called the structured resistance
model, to capture the dynamics of addictive behavior. Levels in the model cor-
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Fig. 5: The bifurcation diagram for the structured resistance model on the Fram-
ingham Heart Study social network is shown on the left. A sample epicurve is
shown on the right, which exhibits the slow decline in smoking prevalence as β
is decreased after time step 120. The green curve shows the average of the black
curves (which show individual simulation results).

respond to increasing susceptibility and addiction to a behavior. This model
exhibits a backward bifurcation, which suggests a possible reason for the slow
decline of smoking prevalence in the United States.

This basic model can be extended in various ways. There are factors other
than peer influence that affect smoking behavior, such as socioeconomic status
and marital status [3], access to cigarettes and exposure to advertising [10], and
prices and policies [12]. Data about all these factors can be included into an
agent-based model driven by the basic structured resistance model. Detailed
synthetic information environments can be constructed by fusing data about
these behaviors with other data sets on demographics, locations, and activities
to build a complete picture of the ecology of a smoker [1].

Smoking is a complex, “policy-resistant” problem. We believe that mathe-
matical modeling and simulation-based approaches are essential to understand-
ing such systems and to achieving lasting social benefits.
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