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Abstract. Infectious disease epidemics are often modeled as contagion
processes on networks. For large-scale epidemiological simulations, the
requisite networks are indirectly constructed by various means, since
they cannot be obtained through direct surveys. This leads to questions
about the validity of these networks and the sensitivity of the contagion
processes to network structure.
In this work, we take a step towards addressing these questions by in-
troducing the notion of contagion-preserving graph sparsification, where
the goal is to remove as many edges from the given network as possible,
without affecting the contagion process. We show that this problem is
hard in general. Then we focus on the SI contagion model and, using
an analogy with linear flows, show that approximate sparsification can
be done by the effective resistance method. We do experiments with a
publicly available social contact network for Montgomery County, VA,
USA, and examine the core contagion-carrying structure of this network
that is revealed by sparsification.

Keywords: contagion-preserving graph sparsification, SI contagion, com-
putational epidemiology, simulation analytics

1 Introduction

Infectious disease outbreaks can emerge without warning and spread rapidly
through a population. They place a huge cost upon society, both directly through
disease and mortality, and indirectly through impacts upon the food supply, the
economy, and more.

Mathematical modeling of epidemics has contributed to epidemiology for a
long time. These models typically use systems of ordinary differential equations
to analyze the rate of progression of the disease through a population [6, e.g.].
More recently, these models have been extended to the network setting, leading
to insights about how network topology affects epidemics [8, e.g.]. At the same
time, with increasing availability of data and computing power, sophisticated
computational methods for epidemic modeling have emerged [7].
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These large-scale simulation methods rely on approximating or synthesizing
the social contact network for a large population [2]. The social contact network
is the network of physical, potentially disease-carrying, contacts between peo-
ple in a region, such as through collocation at home, work, or school locations.
In addition to the topology of the network, information about demographics
and activity types, represented as node and edge labels, can be used to derive
forecasts of which segments of the population are likely to be most affected by
the epidemic. Computational models synthesize a representation of the social
contact network by integrating data from multiple sources. The resulting net-
works are approximations of the actual social contact network. This necessarily
raises questions about validation of the network structure, and the sensitivity of
epidemic simulations to the network structure.

In the present work we introduce the notion of contagion-preserving graph
sparsification as a step towards addressing these questions. The goal is to remove
as many edges from a given network as possible, without affecting the contagion
process. The remaining edges of the network form the core contagion-carrying
structure of the network. This can contribute to empirical validation studies by
showing which edges it is most important to verify empirically. It also contributes
to sensitivity analyses by revealing the substructure of the network to which sim-
ulation outcomes are most sensitive. Additionally, being able to represent a large
network using a relatively small number of edges can reduce the computational
effort needed to carry out simulations. To the best of our knowledge, this is
the first attempt to apply sparsification in the context of epidemic modeling. A
similar approach has recently been studied for influence maximization [12].

The rest of this article is organized as follows. We begin by proving that
even a simplified version of the problem is NP-hard. Then we show how the
method of sparsification by effective resistances can be applied for this problem
Then we present experiments with various random graphs and with a publicly
available social contact network for Montgomery County, VA, USA and show
that sparsification allows us to remove more than 88% of the edges from the
network. We conclude with a discussion of other kinds of contagion models and
how our work might (or might not) be extended to include them.

2 The Complexity of Sparsification

In order to define a contagion-preserving graph sparsification, we first define
a representation for a contagion on a network. We assume that the contagion
runs for T time steps, for some sufficiently large T . For each time step, we write
down a string of length N , which is the number of nodes in the network. Each
character in the string is the state of that node at the current time step. For
the SI contagion model, we can write a 0 for a susceptible node and a 1 for an
infected node. At the end of T time steps, we obtain a string of length NT .

We define the contagion distance between two contagions to be the Hamming
distance between the corresponding string representations of the contagions.
Note that this representation captures all the information about the time to
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infection of each node. A contagion-preserving graph sparsifier removes as many
edges from the given graph as possible, while ensuring that contagions on the
given graph and the sparsified graph with the same initial conditions will have
a small contagion distance.

We consider the complexity of sparsifying a given graph G(V,E) so that
G and its sparsified version G′(V,E′), with E′ ⊆ E, produce identical sets of
infected nodes for multiple seed sets, that is, sets of initially infected nodes.
Below, we show it is computationally intractable to minimize the the number of
edges in E′ even if we consider the case where G and G′ must produce identical
sets of infected nodes for just one time unit. (In other words, we require the
contagion distance between the infection patterns produced by G and G′ to
be zero.) Our proof also shows that the problem is NP-hard even under the
deterministic contagion model (where all the transmission probabilities are 1).

Sparsification for Multiple Seed Sets (SMSS):

Instance: An undirected graph G(V,E), a collection S = {S1, S2, . . . , Sr}, where
each Si ⊆ V is a seed set (i.e., set of infected nodes at time 0), a transmission
probability for each edge e ∈ E and integer K ≤ V .

Question: Is there a subgraph of G′(V,E′) of G, with E′ ⊆ E and |E′| ≤ K,
such that for each seed set Si, the set of nodes infected at time 1 in G is the
same as that in G′, 1 ≤ i ≤ r?

We now show that the SMSS problem is NP-hard even under the determin-
istic propagation model, where all the transmission probability values are 1. To
prove this result, we use a reduction from the following NP-complete [4] problem.

Minimum Vertex Cover (MVC):

Instance: An undirected graph G(V,E) and integer K ≤ V .

Question: Does G have a vertex cover of size at most K, i.e., a subset V1 ⊆ V
with |V1| ≤ K such that for each edge {u, v} ∈ E, at least one of u and v is in
V1?

Theorem 1. The SMSS problem is NP-hard.

Proof: We use a reduction from the MVC problem defined above. Let the graph
G(V,E), with V = {v1, v2, . . . , vn} and integer K represent the given instance
of the MVC problem. Thus, n = |V |. The graph H(VH , EH) corresponding the
SMSS problem is constructed as follows.

(a) The node set VH = {w0, w1, w2, . . . , wn} has n+ 1 nodes.
(b) The edge set EH = {{w0, wi} : 1 ≤ i ≤ n} has n edges. (Thus, the graph
H is a tree with n+ 1 nodes.)

(c) The transmission probability for each edge of H is 1.
(d) For each edge e = {vp, vq} ∈ E, we create a seed set Se = {wp, wq}. Thus,

the total number of seed sets created is equal to |E|. Further, since the
transmission probability of each edge is 1, for each seed set Se, the set of
nodes that get infected by time 1 is Se ∪ {w0}.
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(e) We set the upper bound on the number of edges in the sparsified graph to
K (which is the upper bound on the size of the vertex cover for G).

It is easy to see that the construction of H can be carried out in polynomial
time. We now prove that H can be sparsified into a graph H ′ with at most K
edges such that H and H ′ produce the same set of infected nodes by time 1 for
each of the seed sets if and only if G has a vertex cover of size at most K.

Part 1: SupposeG has a vertex cover of size at mostK. Let V1 = {vi1 , vi2 , . . . , vi`},
with ` ≤ K, denote a vertex cover for G. Consider the subgraph H ′(VH , E

′
H),

where E′H = {{w0, wix : 1 ≤ x ≤ `}. Thus, |E′H | = ` ≤ K. As mentioned above,
for each seed set Se, the set of infected nodes in H by time step 1 is Se ∪ {w0}.
We now prove that for each seed set Se, H

′ also satisfies this condition. To see
this, let Se = {wp, wq}. Recall that Se corresponds to the edge {vp, vq} of G.
Since V1 is a vertex cover, at least one of vp and vq is in V1. Without loss of
generality, let vp ∈ V1. Thus, the chosen edge set E′H includes the edge {w0, wp}.
Since the edge transmission probability is 1, w0 will get infected during time
step 1; that is, for Se, the set of nodes which are infected by time step 1 in H ′

is Se ∪ {w0}. Thus, H ′ satisfies the required conditions.

Part 2: Suppose there is a sparsified graph H ′(V,E′H) with |E′H | ≤ K. We will
show thatG has a vertex cover of size at mostK. Suppose E′H = {{w0, wix} : 1 ≤
x ≤ `}, for some ` ≤ K. Let V1 = {vix : 1 ≤ x ≤ `}. Thus |V1| = ` ≤ K. We
prove by contradiction that V1 is a vertex cover for G. Suppose V1 is not a vertex
cover for G. Thus, there is some edge e = {vp, vq} ∈ E such that neither vp nor
vq appears in V1. Consider the seed set Se = {wp, wq} corresponding to e. Since
neither vp nor vq is in V ′, neither of the edges {w0, wp} and {w0, wq} appears in
E′H . In graph H, the seed set Se causes the nodes w0, wp and wq to be infected
by time 1. However, since both the edges {w0, wp} and {w0, wq} are missing in
E′H , w0 cannot get infected when the seed set is Se = {wp, wq}. This contradicts
the assumption that H ′ is a valid sparsified graph for all the seed sets. Thus, V1
is indeed a valid vertex cover and this completes the proof of Theorem 1.

We now develop an approximate sparsification strategy, based on an analogy
with linear flows.

3 Linear Flows on Graphs

In this section we give a very brief overview of linear flows on graphs, following
the formalism of Schaub et al. [9]. Then we draw an analogy between the SI
(Susceptible-Infected) contagion process and electrical flows.

Assume we have a graph, G(V,E), with undirected edges. Flow is allowed to
take place in either direction along each edge, but we assign a reference direction
from the “tail” to the “head” of each edge e. Then each edge can be associated
with an incidence vector, be, of length equal to the number of nodes. All entries
of the incidence vector are zero, except the entries corresponding to the head
node and the tail node, which are −1 and 1 respectively.
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The incidence vectors are assembled into a node-to-edge incidence matrix,
B = [b1...b|E|]. The conductance associated with each edge is assembled into a
diagonal conductance matrix, G = diag(ge). The weighted graph Laplacian is
defined using these two matrices as, L = BGBT .

We will speak of linear flows in terms of electrical flows on networks, once
again following Schaub et al. [9]. Thus, we say that there is a potential associated
with each node in the network. To avoid confusion with the notation for the
vertex set of the graph, we will refer to node potentials with the symbol τ .

The potential difference between the two nodes connected by an edge drives
the current across that edge. The current across the edge is equal to the potential
difference times the edge conductance,

iab = gab(τa − τb). (1)

This is known as Ohm’s Law. In matrix form this can be written as i = GBTT,
where T is the vector of node potentials.

Electrical flows also obey Kirchhoff’s Current Law (KCL), which states that
the in-flow and out-flow of current at each node is balanced.

Bi = Iext, (2)

where Iext is the vector of externally applied current across the nodes of the
graph. Combining the previous two equations gives us,

LT = Iext, (3)

which can always be solved by fixing one node potential arbitrarily to zero (since
only potential differences matter).

3.1 SI contagions

In the Susceptible-Infected (SI) contagion model, the nodes can be in states S
or I, often denoted as 0 and 1 respectively. At each time step, nodes in state
I can infect their susceptible neighbors with a probability, pe, along the edge e
connecting the two nodes. We assume that the infection can happen along each
such edge independently. A node changes state from S to I if at least one of
its infected neighbors succeeds in infecting it. In this model, nodes in state I
remain so forever, so the only stable configuration of the system is where all the
nodes reachable from the initially infected nodes are in state I. Table 1 shows
an analogy between an SI contagion model and electrical flow on networks.

Table 1: Analogy between electrical flows and SI contagions.
Linear flow SI contagion

conductance probability of transmission along an edge

resistance expected time to infection along an edge

node potential expected time to infection of the node

current expected contagion flow along an edge
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In this analogy, we treat the probability of contagion transmission along an
edge, pe, as the conductance along that edge. The reciprocal of conductance,
which is the resistance, is then the expected time to infection along the edge.
The node potential, τa, at a node va corresponds to the expected time of infection
of the node (from the time the contagion starts). The potential difference across
an edge eab is therefore is τb − τa. The expected contagion flow, in this model,
can have a maximum value of 1. We denote the expected contagion flow along
edge e by se. Ohm’s law is satisfied by definition,

se = pe(τb − τa), (4)

where edge e connects nodes va and vb. se attains the value 1 if τb − τa = 1/pe,
which occurs if there are no other paths between va and vb.

On the other hand, Kirchhoff’s Current Law does not hold for the SI con-
tagion model. This is because contagion processes are not conservative [5]. A
node might be infected by one neighbor and then go on to infect multiple other
neighbors. Thus the in- and out-flow of the contagion at a node does not have
to add up to a constant value. Lacking this constraint, we do not have a closed
form solution for the node potentials and edge currents, corresponding to equa-
tion 3. However, this is not needed for our goal. The crucial part of the analogy
is that paths in the network can be combined and simplified in approximately
the same way that electrical networks are simplified by combining resistances in
series and parallel. Recall that for two resistances in series, the effective resis-
tance is just the sum. Two resistances in parallel are combined using the relation,
1/reff = 1/r1 + 1/r2.

Now consider expected time to infection along a path (va, vb, vc). Here va is
initially infected, and we are interested in the expected time to infection of vc.
The expected time to infection along edge eab is just τab = 1/pab, and that along
ebc is τbc = 1/pbc. Further, by linearity of expectation, the total expected time
is just τab + τbc, analogous to a series combination.

For the parallel combination rule, suppose that there are two paths between
va and vb, with probabilities of transmission p1 and p2, respectively. The effective
resistance between va and vb is the expected time to infection of vb once va is
infected. This is given by the reciprocal of the effective probability of infection
in one time step, peff = 1 − (1 − p1)(1 − p2). In terms of the expected time to
infection, we can write this as,

1

τeff
= 1− (1− 1

τ1
)(1− 1

τ2
). (5)

This simplifies to, τeff = τ1τ2/(τ1 + τ2− 1). For small values of the probabilities
of transmission, we can approximate this as τ1τ2/(τ1 + τ2), which is the same as
the parallel combination rule. This analogy now leads us to consider the method
of sparsification by effective resistances.
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4 Sparsification by effective resistances

Spielman and Srivastava [10] present a spectral sparsification algorithm that
works on weighted graphs, using the notion of effective resistances. It first com-
putes the effective resistance of each edge of the given weighted graph and uses
these resistance values to sample a subset of the edges.

Algorithm 1: Sparsification by effective resistances (Spielman and Srivas-
tava).

input : graph G(V,E,w).
output : graph H(V,E′, w′)
parameters : q: number of samples

procedure
Choose a random edge e of G with probability πe proportional to weRe, and add e to
H with weight we/qπe. Take q samples independently with replacement, summing
weights if an edge is chosen more than once.

The effective resistance across an edge is defined as the potential difference
induced across the edge when a unit current is injected at one node and extracted
at the other. In terms of our analogy, it is the expected time to infection of the
head node when the tail node is infected. The edge weights, we, in algorithm 1
correspond to probabilities of transmission in our model, so to avoid notational
confusion, we will continue to denote them as pe. The effective resistance, Re,
in algorithm 1 corresponds to the expected infection time of the head once the
tail node is infected, and we will denote it as Te. We will use τe to denote the
resistance of edge e, i.e., the expected time to infection along edge e.

Sparsification by effective resistances approximately preserves the effective
resistance between all node pairs, which means that the expected infection time
for any node will remain approximately the same. Also, the eigenvalues of the
sparsified graph are guaranteed to be close to those of the original graph. The
graph spectrum is implicated in many properties of diffusion processes of graphs
[3], so preserving the spectrum implies that diffusion processes on the sparsified
graph should be similar to the original graph.

Algorithm 1, thus, says to sample edges with probability proportional to
peTe. This quantity is bounded between pe and 1. It functions as a measure of
the “importance” of the edge in the following sense. First, it is proportional to
pe, which suggests that edges with higher probabilities of transmission are more
likely to be included in the sparsified graph. Second, suppose edge e connects
nodes va and vb. If there are no alternate paths between va and vb, then Te = τe
and peTe = 1. This suggests that we should keep edge e in the sparsified graph,
or the contagion might not be able to traverse from va to vb (or vice-versa).

On the other hand, additional paths between va and vb will serve to reduce
the expected time to infection and will cause peTe to fall below 1. This suggests
that if there are many alternate paths between the two nodes, we can remove
edge e. Schaub et al. [9] call (1 − peTe) the “embeddedness” of edge e, which
is related to flow redistribution in the graph, i.e., it conveys information about
how the currents on all edges will change if edge e is removed from the graph.
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5 Experiments

5.1 Random graph experiments

For the first set of experiments, we generated three random graphs, each with
1000 nodes and ∼25000 edges. The first is an Erdős-Rényi random graph, the sec-
ond is a Barabási-Albert “scale-free” network, and the third is a Newman-Watts-
Strogatz “small-world” network. In each case, we assigned uniformly-randomly
chosen weights in the range [0.01, 0.1] to the edges. These weights are taken to
be the probabilities of transmission along the edges.

To calculate the effective resistance along each edge in the network, we use the
implementation by Koutis5. This provides an implementation of the approximate
effective resistance calculation method of Spielman and Srivastava [10], which
runs very quickly in practice. In algorithm 1, there is a single parameter, q, which
is the number of samples drawn. We generate 100 different networks by varying
q from 0.1× |E| to |E| in steps of 0.1× |E|. Then we evaluate the quality of the
sparsification as follows.

For each sparsified network, we choose a random node to be initially infected.
We simulate one contagion on the original graph using the same initial condition
and store the bitstring representation of this contagion, C. We then simulate a
small number, k, of contagions on the sparsified network with the same initial
condition and calculate the Hamming distance between the resulting bitstring,
C ′i (i ∈ 1...k), and C. As defined earlier, we call this the contagion distance. We
define αj to be the smallest of these distances for sparsified network j.

Figure 1 shows the αj values plotted against q. Since a contagion is a stochas-
tic process, even running it twice on the same network with the same initial con-
dition will not result in a contagion distance of zero. The intuition behind the
above procedure is that we wish to find if there is a sufficiently close contagion
on the sparsified network that also has a high probability.
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Fig. 1: A comparison of the three sparsification methods on random graphs. The
“network number” on the x-axis corresponds to q. See text for details.

For comparison, we also sparsify the networks by thresholding the weight. In
this case we generate 100 networks by keeping 1%, 2%, ... of the highest weight

5 http://www.cs.cmu.edu/∼jkoutis/SpectralAlgorithms.htm
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edges. Then we calculate α in the same way on these sparsified networks. These
values are also shown in Figure 1 (as gray circles). Similarly, we also sparsify
the networks by thresholding the edge betweenness centrality. In this case we
generate 100 networks by keeping 1%, 2%, ... of the edges with the highest edge
betweenness centralities. The α values for these networks are shown in Figure 1
as black triangles.

Note that this comparison is actually slightly unfair to the networks sparsified
by effective resistances. These networks have fewer edges than the corresponding
networks sparsified by weight thresholds because the effective resistance method
can sample an edge more than once. Thus, for example, setting q = 0.1 × |E|,
results in fewer than 10% of the edges in the sparsified network. Nevertheless, we
see in Figure 1 that the α values for the effective resistance method drop much
more quickly than for the other methods. Surprisingly, the weight thresholding
method works better than thresholding the edge betweenness centralities. The
error bars show one standard deviation, calculated from 10 independent trials
for each level of sparsification.

5.2 Social contact network sparsification

We use a publicly available synthetic social contact network for Montgomery
County, VA, USA6 [11]. The network has 77,528 nodes and 1,967,714 edges in
its largest connected component. The edges are weighted with a contact duration
in seconds, with values ranging from 1 to 57,059 (almost 16 hours). In addition
to the network structure, information about the activity type for each edge and
various demographic attributes for each node are also provided.

The network has been constructed using publicly available data sets from
multiple sources by researchers at Virginia Tech [1]. Networks such as these are
widely used in computational epidemiology [2, 7]. Sparsifying these networks can
help us understand the core contagion-carrying structures within the network.

We assume that the probability of transmission per second is 10−6. We then
convert all contact durations into probabilities of transmission along edges, where
a contact duration of t seconds is converted to a probability of 1−(1−10−6)t. The
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Fig. 2: Probability of transmission and effective resistance distributions for the
Montgomery County social contact network.
6 Data set release four at http://ndssl.vbi.vt.edu/synthetic-data/
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approximate method of Spielman-Srivastava outputs the effective resistances of
all edges in the Montgomery County network in ∼1 minute, running on a stan-
dard desktop. However, calculation of edge betweenness centralities was not fea-
sible in a reasonable amount of time for a network of this size. In the experiments
below, therefore, we only compare with the weight thresholding method.

The resulting distribution of probabilities of transmission is shown in Fig-
ure 2a, and the distribution of effective resistances is shown in Figure 2b. The
distribution of peTe is shown in Figure 2c, which is converted into a probability
distribution for sampling edges. Note that the distribution of probabilities of
transmission is close to exponential (Figure 2a is shown on a semilog scale), but
the distribution of peTe is heavy-tailed (Figure 2c is shown on a log-log scale).
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Fig. 3: A comparison of sparsification by the effective resistance method and by
thresholding the weights.

We see in Figure 3a that for the effective resistance method, α drops sharply
and then stabilizes at a value slightly less than 106. We examined the network
for q = 0.15 more closely. This value is chosen because it is the smallest value of
q at which α reaches its stable (lowest) value. It has 221,359 edges, which means
that we have removed over 88% of the edges from the full graph. Figure 3b shows
that the average weights tend to be higher for the effective resistance method
because edges that are sampled more than once have their weights summed.

Figure 3c shows a comparison of typical epicurves for the full graph and
the sparsified graph at q = 0.15 × |E|. We also show a typical epicurve for the
complement of the sparsified graph. We see that the sparsified graph, which
contains approximately 12% of the edges of the full graph exhibits an epicurve
which is closer to the full graph epicurve than the complement graph (which has
∼88% of the edges of the full graph).

5.3 Demographic and activity differences

Next we examine the differences between the sparsified graph at q = 0.15× |E|
by the effective resistance method and the full graph. The data set provides the
age for each node in the graph, which allows us to construct an age-assortative
contact matrix. This matrix simply counts the number of contacts between each
age pair. We convert the counts to probabilities by dividing by the total number
of edges in the graph.
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We obtain the difference in the age-assortative contact matrices for the full
graph and the sparsified graph, and show it as a heatmap in Figure 4a. We also
plot the age distribution for the population in Figure 4c. The age distribution in
Montgomery County is dominated by a spike at the college age years because the
county population is dominated by the university population of Virginia Tech.

We see something surprising in Figure 4a. The edges which are preferentially
kept in the sparsified network actually correspond to the child population (age 0
- ∼18). On the other hand, the edges corresponding to the interactions between
college age people and the rest of the population have a lower probability of
being retained in the sparsified network.
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Fig. 4: Comparison between the sparsified network and the full network in terms
of demographics and activities. See text for details.

The data set also provides an activity type for each edge. Actually there
is an activity type for each node for each edge, but there are no edges where
the activity types of the two nodes are different. We construct an activity type
distribution by counting the number of edges with each given activity type, as
a fraction of the total number of edges. Then we take a difference between the
activity type distributions for the sparsified network and the full network. This
difference is shown in Figure 4b. We see that the sparsified network preferentially
keeps edges corresponding to activity types Home, Work, and School, and has
a lower probability of retaining edges corresponding to activity types Shopping
and Other.

6 Conclusion

In this work, we have introduced the problem of contagion-preserving graph
sparsification as a means of identifying the core contagion-carrying backbone of
a network. We have shown that the problem is NP-hard, and have developed an
analogy between the SI contagion model with independent cascades and linear
flows on networks in order to apply the method of sparsification by effective
resistances.

While the sparsification method we have developed uses the SI contagion
model, we conjecture that it will give good results with the SIR and SEIR models
also, because they are essentially truncated versions of an SI contagion, i.e.,
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nodes stop being infectious after a few time steps but do not return to the
susceptible state, and the contagion proceeds independently along each edge.
On the other hand, this method will not apply to contagion models like the SIS
model, where the nodes return to the susceptible state after being infectious, or to
complex contagion models, where the contagion does not proceed independently
along each edge. How to do contagion-preserving graph sparsification under these
models is an open question.
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