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We study an extension of the voter model, known as the degree-biased voter 
model (DBVM), where a node updates its state by copying the state of a neighbor 
chosen with probability proportional to the neighbor's degree. The DBVM has 
been introduced by Fagyal et al. (Penn Working Papers in Linguistics 15(2), 
2009) in the context of modeling popularity or social influence in the spread of 
linguistic features in a social network. They have shown that on a scale-free 
network with loners (zealots of degree 1), which is a far-from equilibrium system, 
the DBVM results in the rapid emergence of a consensus state (except for the 
loners which are initialized in the other state), and that the network then switches 
back and forth between the two consensus states over time. Thus, in a sense, the 
dynamics of the model are determined by the most peripheral nodes in the 
network.

We derive the Fokker-Planck equation for the DBVM and the escape probability, 
following the analysis of Sood, Antal, and Redner (PRE 77, 2008). We also 
calculate the duration of a consensus state, and its relation to the relative density 
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time in near-consensus states.

In the voter model, a node selects 
a neighbor uniformly randomly 
and copies its state, i.e.,

In the DBVM, a node selects a neighbor 
with probability proportional to the 
neighbor’s degree, and copies its state, i.e.,

loners

loners

DBVM dynamics on a scale-free network with 
loners. Size and closeness to the center are both 
proportional to degree in the above figures.

We focus in particular on scale-free networks, 
which are considered to be abstract models of 
social networks. In such networks, the 
existence of “loners” has been noted many 
times. Loners are individuals on the periphery
of the network who do not participate in the opinion 
dynamics in the network, i.e., they are “zealots” in the 
nomenclature of statistical physics.

A second phenomenon which has been attested to in 
the social sciences is the role of popularity in the spread 
of fashions, language, etc. Agents are more likely to 
copy the behavior of agents who are more popular.

We combine these two observations in our study, to 
show the rapid emergence and subsequent shifting of 
norms. The figure on the right illustrates this behavior.
Interestingly the above conditions imply that the 
dynamics are essentially determined by the most 
peripheral members of the network. 

Norm Duration

The DBVM (upper) spends most of the 
time in a consensus or “norm” state, 
which is markedly different from the 
dynamics of the voter model (lower).

The dynamics of the DBVM are markedly different from those of the voter model (see figure). With the DBVM, the system 
spends most of its time in “norm” states, and transitions between these states are very rapid. We can calculate the duration of a 
norm by considering the network without the loners. 

If this network is initialized in a state where all the nodes are blue (state 0), and only one node is red (state 1), then the 
probability that the network ends up in a state where all nodes are red can be shown to be,

Now consider a network with loners where all the nodes are blue, except some of the loners. In this case, the probability of one
of the non-loners turning red is the probability of copying one of the red loners, which is given by,

Putting the above together, the duration of a norm state is given by,

Further, taking the ratio, we get,

Stationary Distributions

To try to understand the relationship between the voter model and the 
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are either red or blue. 
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Convergence Time

Convergence time as a function of the number of nodes 
in a scale-free network without loners. 100 separate 
instances were run for each network size. The 
convergence time from each run is plotted using a dot. 
The squares connected with the solid line show the mean 
convergence time for each network size. The dashed line 
plots the function, y = 75x.

In a network without $!%&'(2#4&#/%6/.-+&#4/+,#Pk the fraction of nodes with degree k and state red,             
the probability of the system being in a state characterized by a certain distribution of red nodes at time t, 
-%6#Q3=                      the weighted magnetization. The Fokker-Planck equation for the system is given by:

The term in parentheses is R%/+&#-%6#%&G-+/9&)#S!#+,&#.!%(&%(5(#+/:&#6&1&%6(#!%#+,&#6&G'&&#6/(+'/F5+/!%#
:!:&%+-#T3U; -%6#TIM3U;J. In our case the exponent of the degree distribution    is between 2 and 3, and 
the behavior of a generic momentum µV is:

In the numerical experiment shown on the right, we have    = 2.5  
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as N (when we count each update as a time step), which 
matches the theoretical prediction well (case 1, above).
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the time to consensus evaluates to, 

From this we derive that the weighted magnetization is conserved, and                        . We consider the 
adjoint equation for evaluating the time to consensus, T, when agents are originally equally distributed 
in the two opinions, which can be solved to give:
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